Abstract. This paper is devoted to the concept of indirect control in corporate shareholding networks. This topic is important in financial economics. Since shareholding size does not actually reflect an investor's power-control in corporate shareholding networks, diverse approaches to measuring the control-power of investors has been proposed. We focus in particular on a game-theoretical approach; specifically the model of Denti and Prati (2001) and its implementation to control sharing analysis and simulation in shareholding networks thanks to the computer program "Control Sharing Simulation".
INTRODUCTION
This paper is an improvement of a previous research document presented at the ICIL 2016 conference (Kołodziej and Stach, 2016) . However, we analyze more literature here and present additional applications of the considered model. This paper focuses on financial and economic modeling and, in particular, on the indirect control of corporations. This topic is important in financial economics, but it is not easily modeled. In corporate shareholding structures, determining who has power within a stock corporate company might be a very complex problem. The presence of cross-shareholdings (i.e., pairs of companies that exchange share holdings) and loops (i.e., for example, when Company A owns a stake in B, B owns a stake in C, and C in A) in a cross-shareholding structure allow an investment to control a company even with a small stake. The large and complex shareholding networks (i.e., with the presence of cross-shareholdings and loops) could be non-transparent. Then, analyzing their structures, it is sometimes possible to find that a small number of * AGH University of Science and Technology, Faculty of Management, Krakow, Poland, e-mail: istach@zarz.agh.edu.pl
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tightly connected large companies control a significant part of the rest of the companies; see, e.g., (Krause et al., 2013; Vitali et al., 2011) . Therefore, it is important to know the coalitions of firms that may exert control over a specific company or minimal coalitions (in size) that can control all companies in a closed shareholding network. Moreover, the size of the shares held in the company does not actually reflect an investor's power-control. Of course, the control/power that an investor can have over a certain firm is related to the percentage of shares that he/she owns, but it also depends on other factors. Specifically, a shareholder can have significantly more or less corporate control/power than the percentage of shareholding rights can reflect. In (Bajuri et al., 2014) , an example of a company with three shareholders is given that reflects this problem. Here, we give a similar example; specifically, if the distribution of voting rights in a company among Shareholders 1, 2, and 3 is 60%, 25%, and 15%, respectively (see Fig. 1 ), then taking into account only shareholding size, it would appear that the degree of control/power for the each of the three investors is in proportion to the percentage of their voting rights. But in practice, the second and third shareholders are powerless under a simple-majority-rule voting system. The first shareholder is, of course, a "dictator" if the voting system does not require a greater than 60% majority of voting rights in making the important decisions. In other words, Shareholder 1 controls all outcomes of the corporate decisions. Thus, shareholding size does not reflect the actual power distribution in the shareholding structures. In (1954), Shapley and Shubik identified a successful implementation of power indices -cooperative game theory instruments -to measure the control/power in corporate networks; see also (Stach, 2011) . Also in the automotive industry, the ownership networks are rather complicated and not at all transparent; see, for example, "Automotive industry," section "Company Relationships" in Wikipedia (https://en.wikipedia.org/wiki/Automotive\ _industry, retrieved January 2017). In order to give an idea of how complicated the global shareholding structure of the automotive industry may be, we quote only a small fragment about the Ford Motor Company ownership relationships below: (. . In the context of game theory, various approaches were proposed to model the corporate shareholding relationships and measure the indirect power of the firms involved in corporate shareholding networks. One rather pioneering one was the approach introduced by Gambarelli and Owen in (1994) . Then in (1999), Turnovec proposed a way of determining the direct and indirect property distribution and the degree of transparency of an ownership structure. Since then, numerous other approaches have been proposed; for example, a reader can find a good and broad literature review of the most relevant references in this topic in Leruth, 2007, 2013; Karos and Peters, 2015; Bertini et al., 2016) .
Many game theoretical studies on indirect control in corporate networks recognized the importance of the voting power index. Mostly, the Shapley-Shubik and Banzhaf indices or their modifications have been applied to measure direct and indirect power/control [see, for example, Shapley, 2003a, 2003b; Leruth, 2007, 2013; Karos and Peters, 2015) ; for the Banzhaf index, see (Banzhaf, 1965; Penrose, 1946 Penrose, , 1952 ; for Shapley-Shubik, see (Shapley and Shubik, 1954) ]. However, there are some approaches that have used other indices. For example, Braham and Steffen in (2003) and Van der Brink and Steffen in (2008) considered the application of the Straffin index (Straffin, 1977 (Straffin, , 1988 (Straffin, , 1994 to measure positional power in a hierarchy of network structures. In (2013), Bajuri et al. sought to explore the potential of the Straffin index (also called "the partial homogeneity index" or "modified Shapley-Shubik index" by some researchers) as a viable control analysis technique from the corporate network perspective. In (2016), Mercik and Łobos proposed an approach to measure indirect control by a modification of the Johnston index (Johnston, 1978) . And in (2015), Karos and Peters proposed a large class of indices that could satisfy four axioms and measure the power of the players in a shareholding network. This paper concentrates on the model of Denti and Prati (2001) in particular. Prati, in (2001, 2004) and also Gambarelli and Owen in (1994) focused on determining the winning coalitions of firms in a controlling structure. The purpose of this paper is the implementation of the Denti and Prati approach to a power/controlsharing analysis in a real-world shareholding structure and to provide a few simulations thanks to the computer program "Control Sharing Simulation", elaborated by Kołodziej (2011) within in scope of his master's thesis.
As mentioned above, game-theoretical approaches use power indices in order to measure control in corporate networks. In such approaches, shareholders are interpreted as players in a simple game (particularly in a weighted majority game). Hereafter, we provide some game-theoretical preliminary notation and definitions [the same as those in (Kołodziej and Stach, 2016) ] necessary to better understand the model presented in Section 3.
Recall that a game is a set of rules describing strategic decision-making. In cooperative games, players can come together in order to obtain common advantages; thus, in cooperative games, binding agreements are possible before the start of the game. Let N = {1, 2, . . . , n} be a finite set of players. Any subset S of N is called a coalition. The set of all coalitions is denoted by 2 N . Formally, a cooperative game consists of two elements: (i) a set of players N ; and ( A weighted majority game is a simple game in which weight w i (for instance, the percentage of voting rights) is assigned to each player i, and a coalition is winning when the sum of the weights of each coalition member is superior to a majority quota q (for instance, 50% of the simple majority rule). Formally, in a weighted majority game, S is winning if w(S) = i∈S w i > q. A power index for simple games is a mapping f that assigns vector f (v) = (f 1 (v), f 2 (v), . . . , f n (v)) to any simple game v with n players, where real number f i (v) is the power of player i in game v. In relation to corporate shareholding structures, we can quote Crama and Leruth (2007) that "power indices are expected to reflect the relative capacity of each shareholder (be it a firm or an individual) to impose its will to a target company, measured either by its ability to form coalitions with other shareholders to win a vote, or by its ability to change the final outcome of a vote by swinging its own vote". For some comparisons of power indices, see (Bertini et al., 2013; Bertini and Stach, 2015; Stach, 2016) , for example. This paper is organized as follows. In Section 2, we present some examples of corporate shareholding networks. Section 3 presents the Denti and Prati approach. Section 4 is devoted to the computer program "Control Sharing Simulation". In Section 5, some simulations are provided that apply the Denti and Prati approach to the examples described in Section 2. Finally, Section 6 concludes with some observations.
ILLUSTRATIVE EXAMPLES OF CORPORATE NETWORKS
Each complex shareholding structure may be represented in two compact ways: by a directed graph (e.g., Fig. 2 ) or by an n × n matrix (e.g., Tab. 1) such that the value at place (i, j ) represents the percentage of stocks of Firm j owned by Firm i. Figures 3  and 4 show the shareholding networks with cycles in the graphs. Figure 2 presents the simplified organization chart of the Porsche-Volkswagen corporate structure (from 2008 to 2013) considered in (Karos and Peters, 2015) . The players are Porsche Family (1), Qatar (2), Lower Saxony (3), Porsche SE (4), Volkswagen AG (5), Porsche AG (6), and Others (7). Let us consider this case with majority quota q = 80%. In this case, we have seven players, where four of which (1, 2, 3, 7) are investors and three (4, 5, 6) are stock companies. We will use the Porsche-Volkswagen case to provide some analyses and simulations, taking into account both the Denti and Prati approach and computer program "Control Sharing Simulation" (see Section 5). Figure 3 presents an example of a corporate cyclic network. This example was considered in (Mercik and Łobos, 2016) and refers to the Speiser and Baker case. In this network, there are six players; three of which are investors. Specifically, these are the following players: Medallion (1), Speiser (2), HealthMed (3), HealthChem (4), Baker (5), and Others (6). Firms: 2, 5, and 6 are investors. For this case, we consider a simple majority quota of q = 50%. Figure 4 presents an example of a theoretical corporate shareholding network with eight investors (Firms 6, 7, 8, 9, 10, 11, 12, 13) , five stock companies (Firms 1, 2, 3, 4, 5), and the presence of a cross ownership of stock and cycles. More precisely, in the considered shareholding structure, we have two loops and a cross-shareholding. Firm 2 owns 30% of the stock of Firm 3, Firm 3 owns 10% of the stock of Firm 5, and (on the other hand) Firm 5 owns 25% of the stock of Firm 2. Similarly, Firms 1, 2, and 4 form a loop. That is to say, Firm 1 has 3% of the stock of Firm 4, which owns 5% of the stock of Firm 2, and finally Firm 2 (with 35% of the stock of Firm 1) closes the circle. Then, Companies 1 and 4 (holding minority stakes in each other) form a cross-shareholding. The corporate structure given in Figure 4 is more complex than those presented in Figures 2 and 3. We will consider this example in Section 5 with a majority quota of q = 50% (simple majority). 
DENTI AND PRATI METHOD
In (2001), Denti and Prati proposed an algorithm to find all of the winning coalitions in the corporate network of a given firm. They assumed that the number of direct and indirect shareholders is finite. Giving the set of all direct and indirect shareholders of a firm, the proposed algorithm is able to discover whether coalition S is winning or not in any so-called formal game system (collection of weighted majority games). Denti and Prati do not limit the alliances able to achieve control of the target company solely to coalitions of only investors, like in the models of Gambarelli and Owen (1994) and Leruth (2007, 2013) , for example. Here, the winning coalitions can be composed of both investors and stock companies.
Let there be given a corporate shareholding network with n firms. Let us assume that we would like to check if a certain coalition S is able to control Firm K in the considered network. The Denti and Prati algorithm can be briefly described as follows: in Step 0, coalition S of the firms is represented by means of the n-dimensional vector of real numbers Z 0 = (z 1 , . . . , z n ) such that, for all j = 1, 2, . . . , n z j = 1 if z j ∈ S and z j = 0 otherwise. In Step 1, direct control is taken into account. More precisely, starting from vector Z 0 , vector Z 1 is constructed replacing z j = 0 with z j = 1 if firm j is directly controlled by S. In the next steps i + 1 (i 1), the indirect control is taken in account. Specifically, the algorithm proceeds by induction and modifies vector Z i , putting 1 in place of j if Firm j is indirectly controlled by S with the help of all of the firms (directly or indirectly controlled by S ) selected in the previous steps. Since, by definition, the sequence of vectors Z i is non-decreasing and the number of firms is finite, the induction process reaches the end; i.e., Z k+1 = Z k for a certain index k where n > k 0. As a result, Firm K is controlled by S if vector Z k has "1" in the place representing Firm K ; otherwise, K is not controllable by S.
Let us see how this algorithm works through an example. Consider, for instance, the corporate shareholding structure shown in Figure 4 . In this example, we have n = 13 firms. Suppose we want to study coalition S = {7, 10}. For this purpose, we can first look for the firms that are controlled directly by S (i.e., those firms connected by just one arc to each firm in S ) and then look for the firms that are controlled by S indirectly (i.e., with the help of the firms selected in the previous step). In the first step (direct control), S controls Firms 2 and 4; but in the second step, S controls Firms 1 and 3 as well (with the help of Firms 2 and 4). However, even with the help of the other controlled firms, the coalition can control nothing else.
Thus, 
As a further example, we consider a coalition composed of three firms: S = {6, 10, 12} in the same corporate network. At the first step, S controls Company 5, then S controls Firm 2, then Firm 3, and finally Firm 1. As a result, we have: Thus, we have a situation where coalition {6, 10, 12} is winning if we take as a target any combination of Firms 1, 2, 3, and 5 and losing in the case of Firm 4 as a target.
The Denti and Prati algorithm has exponential computational complexity; thus, the problem with computation can arise if the number of firms is large. This model was then extended in (Denti and Prati, 2004) in order to suitably classify the winning coalitions and calculate all of the coalitions of all relevance. In this paper, we consider only the model from (Denti and Prati, 2001) . For a detailed description of the Denti and Prati algorithm, see (Denti and Prati, 2001) . Of course, in order to apply the Denti and Prati model (or other game-theoretical approaches mentioned in this paper), direct control relations must be retrieved from the data.
Denti and Prati did not consider power indices in their approach; however, having the set of all winning coalitions (or all minimal winning coalitions) is sufficient to determine a game. Thus, power indices can be applied to measure the control/power of firms in a corporate shareholding structure.
"CONTROL SHARING SIMULATION" PROGRAM
The lack of appropriate software greatly reduces the practical applications of the approaches to the modeling and calculating of indirect control proposed in the literature. Thus, Kołodziej (2011) proposed the "Control Sharing Simulation" program. "Control Sharing Simulation" is a computer program where the main task is to calculate and illustrate the level of control that firms exercise over other companies in either acyclic or cyclic corporate networks. This knowledge can be useful for competing companies or for predicting events that may arise in financial markets, for example. In particular, the "Control Sharing Simulation" program allows us to quickly and transparently create graphs, read and save graphs to files, and run the so-called "graphical algorithm", which clearly illustrates the degree of control of a preset coalition of firms on the rest of the companies. In Figure 5 , the graphical interface of this program is presented. In the computer program, a user can change the status of a firm to three different types with a double-click on a node: -"Default". The choice of this type indicates that a user is not interested in which firms can gain control over this company or which firms can be controlled by this firm. -"Target company". The choice of this type indicates that a user is interested in which firms can exert control over this company. -"Coalition". The choice of this type indicates that a user is interested in which companies can be controlled by this firm. In order to run the Denti and Prati algorithm (or graphical algorithm), the user has to select at least one company for which he/she is interested in knowing which coalitions of firms are able to exert control over it. After running the algorithm, detailed calculations appear on the screen; so, it is possible to trace the steps of the Denti and Prati algorithm. The program not only enables us to perform the algorithm of Denti and Prati (i.e., finding all winning coalitions in a certain company), but it is also able to find the set of all minimal winning coalitions (a considerable improvement to the algorithm). We would like to underline that the most-complicated problem in implementing the application was simply creating an effective method for finding the set of all minimal winning coalitions. The Rosen algorithm was applied for this purpose [see, for example, (Rosen, 1991, pp. 284-286) ]. The Rosen algorithm systematically generates all combinations of n firms from least-to most-numerous. Then, each newly formed coalition is immediately checked regarding whether it is a superset of the previously generated winning coalition or not. If not, then the Denti and Prati method is applied in order to check if this coalition is winning or losing. Because successively comparing coalitions (sets of companies) would be burdensome for application speed, each coalition of firms is numbered. Since this number can be very large (2 n , where n is equal to the number of firms), the BigInteger type was applied. This type is used to store very large numbers. In this effective way, a set of all minimal winning coalitions is created.
In particular, if we choose a target company in the Denti-Prati option of the application but do not indicate any coalition, then we obtain the following information as the results: the matrix that represents the considered corporate network, number and set of all minimal winning coalitions, number of winning coalitions, and number of all coalitions. In the case we also indicate a coalition of firms in order to check whether this coalition can exert control over a chosen target company, more-detailed calculations of the Denti-Prati algorithm can be obtained. Specifically, we receive the values of vector Z in all steps of the algorithm as well as the information about whether the chosen coalition is winning or losing.
To sum up: for a given corporate network, the program allows us to perform a simulation that is able to:
-create a direct graph as well as the corresponding matrix representation of direct ownership, -find all minimal winning coalitions that control a preset coalition of firms, -find all winning coalitions that control a preset coalition of firms, -check whether or not a certain coalition of firms is able to control a preset coalition of firms, -illustrate via graphics the degree of control of the chosen coalition of firms on the rest of companies. In the application "Control Sharing Information", a number of helpful tools have been implemented to facilitate the creation of graphs and calculate indirect control. To run the program requires at least Windows XP, Windows Vista, or Windows 7 (or higher) installed together with the .NET framework (version 4.0 at a minimum) or Linux operating system and an application compiled in Mono runtime (version 2.8 at a minimum). The following technologies and tools have been used to implement the project: Visual Studio 2010, programming language C#, NET framework version 4.0, Library to display graphs -Piccolo20, XML.
SOME SIMULATIONS
In this section, we perform some simulations that take into account the Denti and Prati algorithm as well as the three shareholding structures presented in Section 2. First, we recall the simulations carried out in (Kołodziej and Stach, 2016) for two real-world examples. Then, we present the results of a simulation performed for the theoretical case. All of the simulations are performed thanks to the computer program "Control Sharing Simulation" presented in Section 4. Furthermore, in each example of shareholding networks, we compute some power indices in order to measure the power control and (as a consequence) better emphasize the role of the agents. Specifically, we consider three power indices that are based on the concept of the critical player: the Shapley and Shubik (1954) , normalized Banzhaf (1965) , and Johnston (1978) indices; and another one -the Holler (1982) index, which is based on the minimal winning coalitions. The first three mentioned indices give more power to a player who is critical in more winning coalitions. Of course, these indices also take into account other aspects than criticality for the coalitions [see, for example, (Bertini et al., 2013) ]; but here, we do not enter in these particularities. The Holler index gives more power to players belonging to more minimal winning coalitions. In this section, we use the following abbreviations for our convenience: σ stands for the Shapley and Shubik index; β stands for the normalized Banzhaf index; γ stands for the Johnston index; and stands for the Holler index.
Let us regard the Porsche-Volkswagen case with a majority quota of q = 80%. Figure 2 and Table 1 present the direct ownership relationships in the Porsche and Volkswagen corporate shareholding structure. In this case, we can be interested in which alliances of firms can control Companies 4, 5, and 6, for example. After running the program "Control Sharing Simulation", we obtain that no investor alone is able to control these companies. In this case, there are two minimal winning coalitions of investors ({1, 2, 3} and {1, 3, 7}) that can control these companies, and three winning coalitions ({1, 2, 3}, {1, 3, 7}, and {1, 2, 3, 7}). Porsche Family (1) and Lower Saxony (3) jointly do not manage to control Companies 4, 5, and 6. It is necessary to cooperate with Qatar (2) or Others (7). In practice, as Others (7) represents the set of small undefined shareholders, an alliance with Qatar (2) seems to be a more-reliable coalition. (5) 1 Table 2 gives the distribution of power among Firms 1, 2, 3, and 7 in the Porsche--Volkswagen case, with Companies 4, 5, and 6 as a target coalition. We see that, in Table 2 , the power indices assign different power to the investors; but in all indices, Firms 1 and 3 have equal power (both greater than the power assigned to Firms 2 and 7). This is because both Firms 1 and 3 belong to all winning coalitions, and they are critical members in these coalitions, whereas Firms 2 and 7 belong to only one minimal winning coalition each. We see how powerful Lower Saxony (3) is in controlling companies 4, 5, 6. With only 20% of the voting rights in Volkswagen AG (5), Lower Saxony has equal power to Porsche Family (1), which alone controls Porsche SE (4) and, via this company, indirectly has 50.7% of the voting rights in Volkswagen AG (5). If we only take Company 6 (Porsche AG) into consideration as the target company, and we allow the coalitions of investors and companies, we obtain that there are 63 non-empty coalitions. Five of them are minimal winning coalitions ({5}, {1, 2, 3}, {1, 3, 7}, {2, 3, 4}, {3, 4, 7}), and forty-one are winning. The rest of the coalitions (63 − 41 = 22) are losing. Of course, not knowing the above results, we can ask if a particular coalition is able to exert power over a preset firm or group of firms. For example, let us consider Company 6 as a target company, and coalition {1, 2, 7} is losing. If we perform the graphical algorithm of the "Control Sharing Simulation" program for the same coalition ({1, 2, 7}), the result is confirmed (see Fig. 6 ). Figure 6 illustrates that jointly, Firms 1 and 2 fully control Company 4 (Porsche SE), but coalition {1, 2, 7}, having 80% of the voting rights in Company 5 (Volkswagen AG), is not able to exert power and push for their decision in Company 5. Specifically, according to some laws, it is necessary to have more than 80% of the voting rights to make important decisions in Volkswagen AG. Remaining with Firm 6, let us look at power distribution. Firm 5 alone manages to control Company 6, so this means that all coalitions that include Firm 5 are winning coalitions. Therefore, it is not surprising that Firm 5 is the most-powerful according the Shapley-Shubik, Banzhaf, and Johnston indices (see Tab. 3). However, the most-powerful according to the Holler index is Firm 3, which belongs to as many as four minimal winning coalitions, whereas Firm 5 is the least powerful, as it belongs to only one minimal winning coalition (see Tab. 3). Then, all of the indices considered here give the same power to Firms 1, 2, 4, and 7. This is not surprising, as these firms are critical for the same number of winning coalitions (that is three), and they also belong to the same number of minimal winning coalitions. Specifically, each of these firms belongs to two minimal winning coalitions. Firm 5 is directly controlled by two minimal winning coalitions ({2, 3, 4} and {3, 4, 7}) and also indirectly by two minimal winning coalitions ({1, 2, 3} and {1, 3, 7}). By the way mentioned here, minimal winning coalitions are the same coalitions that are also minimal winning coalitions in games with Company 6 as the target company. But here, we see that Firm 3 is the most-powerful with accordance of all of the power indices, and all other players have differences in numbers but the same level of power (see Tab. 4). Of course, the "Control Sharing Simulation" program lets us change the majority quota and perform other simulations. If we change the majority quota to q = 50% in the Porsche-Volkswagen case, we create a situation where Porsche Family (1) controls all companies (4, 5, 6); thus, there is only one minimal winning coalition ({1}) and eight winning coalitions. By the way, all of these winning coalitions contain Firm 1 (Porsche Family), and all power indices give a maximum power equal to 1 to Firm 1.
In the Baker and Speiser case (see Fig. 3 or Tab. 5), the corporate shareholding structure has a loop: Company 1 (Medallion) is fully controlled by Company 4 (HealthChem), then Company 3 (HealthMed) has 41.5% of the voting rights in Company 4, and again Company 1 (Medallion) possesses 10% of the voting rights in Company 3. The presence of a loop in a corporate network creates some problems in certain approaches, but not in Denti and Prati. Running the program, we also obtain that no investor in this case is able control all Companies (4, 5, 6) itself. In total, there are five losing coalitions: three singleton coalitions ({2}, {5}, {6}) and two 2-person coalitions ({2, 6,{5, 6}) -all with Firm 6. Next, there are two winning coalitions ({2, 5} and {2, 5, 6}) but only one minimal winning coalition. Specifically, Players 2 (Speiser) and 5 (Baker) jointly control HealthMed (3), HealthChem (4), and Medallion (1). (1) Baker (5) 0.085 0.450 HealthChem (4) 1.000 HealthMed (3) 0.415 Medallion (1) 0.100 Others (6) 0.400 Speiser (2) 0.100 0.450
Thanks to the "graphic algorithm", we can see in Figure 7 the degrees of control (in percentages) of Firms 2 (Speiser) and 5 (Baker) in Companies 1, 3, and 4. Speiser (2) and Baker (5) directly manage to control only HealthMed (3), together holding 90% of the voting rights in this company. However, thanks to indirect control, they have 60% of the voting rights in HealthChem (4) and fully control Medallion (1) and HealthMed (3). Also, all of the power indices considered here confirm that Firms 2 and 5 are the most-powerful and hold the same power: 0.5. If we only take Company 3 into consideration in the Speiser and Baker case, we obtain that there are five minimal winning coalitions that control this company: {1, 2}, {1, 5}, and {2, 5} (which control directly) and {2, 4} and {4, 5} (which control indirectly). In Table 6 , we have power distribution according to the power indices considered here. Firm 6 is not critical for any winning coalition and does not belong to any minimal winning coalition, so it is a dummy player; in accordance to all of the power indices considered here, its power is equal to zero. Also, the most-powerful here are Firms 2 and 5, as they obtain the same power. Firm 4 and Firm 1 (which is directly controlling by Firm 4) have the same power, but it is less than in Firms 2 and 5. Regarding Company 4 as a target company, we also have five minimal winning coalitions; two of which control it directly ({2, 3} and {3, 6}) and three that control it indirectly ({1, 2}, {2, 5}, and {1, 5, 6}). Let us consider the power distribution in Company 4 as a target firm (see Tab. 7). Even though Firm 2 has only 10% of the voting rights in Company 4 (much less than Company 3, which has 41.5% of the voting rights in Company 4), it is the most-powerful firm in accordance with all of the power indices considered here (see Tab. 7). In Table 7 , we see that all indices give the same power to Firms 1 and 5. This is because these firms are critical in three winning coalitions. Specifically, Firm 1 is critical in {1, 2}, {1, 2, 6}, and {1, 5, 6}, and Firm 5 is critical in the following winning coalitions: {2, 5}, {2, 5, 6}, and {1, 5, 6}. The Holler index assigns the same power even to four firms: 1, 3, 5, and 6. This is because each of these firms belongs to two minimal winning coalitions. Then, all indices expect the Johnston index give the same power to Firms 3 and 6. Firms 3 and 6 are critical in the same number of winning coalitions. More precisely, Firm 3 is critical in {2, 3}, {3, 6}, {2, 3, 6}, {1, 3, 6}, and {3, 5, 6}, and Firm 6 is critical in {3, 6}, {1, 3, 6}, {1, 5, 6}, {3, 5, 6}, and {1, 3, 5, 6} . Thus, the Shapley-Shubik and Banzhaf indices assign the same power to Firms 3 and 6. We see that the coalitions in which Firm 6 is critical are generally more numerous than the coalitions in which Firm 3 is critical. Thus, the Johnston index, which is reciprocally proportional to the cardinality of the winning coalitions in which a player is critical, gives more power to Firm 3. Table 8 and Figure 4 represent an example of a theoretical cyclic shareholding network composed of 13 firms and with the presence of cross-shareholding. Also in this example, no investor is able control all companies (1, 2, 3, 4, 5) itself. Let us consider Investors 6 and 7. Investor 6 alone does not have sufficient voting rights to control any firm. Investor 7, owning 90% of the voting rights in Company 4, controls it directly. Investor 7 with Company 4 holds only a 35% stake in Company 2, so they are not able to control it. If Investors 6 and 7 join forces (i.e., they form a coalition), then they will have 45% of the voting rights in total in Company 5 (still not sufficient to control Company 5); however, they will be able to exert control over Company 3 (having, in total, 70% of the voting rights in it). Company 3 has 10% of the voting rights in Company 5; thus, a coalition of Investors 6 and 7 will also be able to control Company 5 indirectly (through Company 3). Coalition {6, 7}, controlling Company 5, also controls Company 2, and via Company 2, totally (in 100%) Company 3. Now, coalition {6, 7} controlling Companies 2, 3, and 4, will also manage to control Company 1. As Company 1 holds a 3% stake in Company 4, coalition {6, 7} strengthens its position of up to a 93% stake in Company 4. Of course, Company 1 is directly controlled by minimal winning coalitions {2, 3} and {2, 4}. Figure 8 shows the degrees of control (in percentages) of Investors 6 and 7 in all companies. This result was obtained quickly by running the graphical algorithm of the computer program. In Table 9 , we have the results of the Denti-Prati algorithm for different target companies. Let us consider Company 1 as a target company. Running the computer program "Control Sharing Simulation," we immediately obtain that, in the considered example, there are 19 minimal winning coalitions within 3368 winning coalitions that can directly or indirectly control Company 1 (see Tab. 9). The total number of non-empty coalitions composed of Firms 2, 3, 4, . . . , 13 is equal to 4095. Note that Company 3 is a member in as many as nine of the coalitions above. No other firm is a member of so many minimal winning coalitions. Hence, we can imply that Company 3 is the most-powerful firm in the whole shareholding network with the target Company 1. And this inference is confirmed by the Holler index, which is based on the minimal winning coalitions (see Tab. 10). Other power indices indicate Firm 7 as the most-powerful, and the Johnston index gives it the most power (see Tab. 10). This is because Firm 7 belongs to fewer minimal winning coalitions than Firm 3 (see Tab. 9), and Firm 7 is critical in more winning coalitions than Firm 3. If we only take investors into consideration, Firm 7 belongs to eight minimal winning coalitions and should have the greatest power/control within the investors. This fact is confirmed by all power indices (see Tab. 10). Meanwhile, Investor 8 (who does not belong to any of the minimal winning coalitions) is the least-powerful firm in the network. We can say that Firm 8 is a dummy player. At first glance, it could seem that Firm 8 is in the same situation as Firms 9 and 13, but this is not true. Investors 9 and 13 are important for some alliances. Specifically, Investor 9 is critical for coalitions {3, 4, 9} and {3, 7, 9}. This means that the above-mentioned coalitions without Firm 9 become losing coalitions. Investor 13 is also critical in two minimal winning coalitions: {3, 4, 13} and {3, 7, 13} (see Tab. 9) . By the way, we can see that Firms 9 and 13 are in a symmetrical position; i.e., they can form minimal winning coalitions with the same firms: {3, 4} and {3, 7}. Still regarding Firm 8, we can observe that Investor 8 is always a dummy player no matter which company is a target company (it does not belong to any minimal winning coalition and has power equal to 1 -see Table 9 and Tables 10-13). Looking at Table 10 , we see that the Shapley and Shubik index gives the ranking of firms from most-to least-powerful: 7, 2, 3, 4, 6, 10, 5, 12, 9, 11, 13, and 8. The Johnston and Banzhaf indices give a bit different ranking. Specifically, the β and γ ndices assign more power to Firm 10 than to Firm 6, whereas in accordance to index σ, Firm 6 is more powerful than Firm 10. According to the Holler index, the most-powerful is Firm 3 (as mentioned above). The ranking given by this index is as follows : 3, 7, 10, 4, 2, 5, 6, 12, 9, 11, 13, and 8. Firms 9, 11, and 13 are at the same level of power in accordance to all of the indices considered here; other than Firm 8, they have the lowest power (see Tab. 10).
In regards to Company 4 as a target company, we have only one minimal winning coalition composed of Firm 7. This is not strange, as Firm 7 holds a 90% stake in Company 4. So, it is a powerful dictator; as a consequence, it must belong to all winning coalitions. All power indices give this firm maximal power equal to 1.
Regarding target Companies 2, 3, and 5, similar broad consideration can be made thanks to the results presented in Table 9 and Tables 11-13 . Hereafter, we will only give some short notes. Taking Company 3 into account as a target as well as the number of minimal winning coalitions to which a player belongs, we see that the power calculated using the Holler index assigns the same power to Firms 2, 5, and 12. Instead, taking into account the critically of the player, this means that the distribution is different when taking into account the σ, β, and γ indices. Precisely, these firms (2, 5, 12) have lower power, Firm 2 is less powerful than Firms 5 and 12 according to the σ and β indices, and according to γ, Firm 2 has more power than Firms 5 and 12 (see Tab. 12). Regarding target Company 5, only Firms 3, 6, 7, and 12 have non-zero controlpower, and Firm 12 is the most-powerful according to all indices (see Tab. 13). Investor 12 with any firm from set {3, 6, 7} is able to exert control over Company 5. 
CONCLUSIONS
In this paper, we dealt with the indirect power of corporations. This topic is important and complex in financial economics. It is not simple to model and then measure the indirect control in complex corporate networks with a large number of firms and with cross-shareholdings. The control/power over large part of companies in a shareholding network can be centralized in a small number of tightly-connected investors. Therefore, it is important to have some instruments to find the coalitions of firms that may exert control over a specific company or minimal coalitions (in size) that can control all companies in a closed shareholding structure. In the present paper, we presented three shareholding networks: one theoretical and two real-world examples of shareholding structures.
In the context of game theory, various studies have been made on analyzing, modeling and measuring indirect control in corporate networks. In Section 1, we mentioned some approaches; but in this paper, we only focused on the Denti and Prati model. In Section 5 (using the mentioned Denti and Prati approach), we performed some simulations thanks to the computer program "Control Sharing Simulation" (Kołodziej, 2011) for two real-world examples of corporate shareholding networks and one theoretical one mentioned above. The problem of applying the existing approaches to real-world corporate structures is due to the lack of adequate software. The "Control Sharing Simulation" program facilitates the application of the Denti and Prati algorithm. This program allows us to quickly create direct graphs representing a corporate network, read and save graphs to files, run the Denti and Prati algorithm, and finally graphically illustrate the degree of control exerted by a preset coalition of firms on the rest of the companies.
